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SOME GENERAL RESULTS IN ELEMENTARY NUMBER THEORY

R. NARAYANAN

Abstract. Some results in Elementary Number Theory are
generalized. All the proofs use the principle of mathemati-
cal induction. Induction on two or even three distinct vari-
ables are involved in each case. In order to save space the

details of the proofs are omitted in many cases.
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1. Some simple results

Theorem 1.1.

1) 0+1+2+3+-..+(1n_1)2:n2_1(n(n2+1))
(Standard result 1,2)

2) 1+3+5+7+---+(2n—1)2:n2+0(n(n2+1)>
(Standard result 1,2)

Trivially generalizing we can prove by Mathematical Induction

3)2+5+7+9—|—---—{—(3n_1)2:n2+1(n(n;—l))

4)3+7+11—|—15+...+(4n_1)2:n2_|_2<n(n2—|—1))

................................................

O (E=1)+ (26— 1)+ +(En— 1 =+ (§=2) (U5 (S +ve

integer)

> - 12 =t (g - 2) (M

> (6217273700)
j=1

Re-writing in the notation for the super-sums (Sum level indicated on

top) we have
LI
(én—1)°| = (én— 1)’

1]
Sy l(€n =172 =n’+ (£ - 2) <—

(D)
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The sum of the above sequence may be curiously written as

2]
Sn [(ﬁn - 1)2] = -1+ B-2)(n-1)
+ (B¢ =1) +&(n—¢))(n—2)

(3] o — 1(n
5. [@nw] R )

 ((se- ot —co )
((n — 2)2('71 — 1)>
4] (2)
e

o]

- 2) ((n—l)n(n+1)) .\ ((35—1)

3!

En—&(n =+ 1)(n—E+2)
; )

((n - 2)?81 . 1)n>

5
- e,
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[05] nin e (M o —
- [(gn—1)2] :(§—1)( ( H)(a —(2)!+ 3)>

(e~ (ot =3))

3)

- =€+ D)= Eta=2
(-0 = )
n— 2 n—ln...n+a_4) [a+1] )
(=B >:[@nn].

(¢ +ve integer: (n — 1) is operative only for (n — i) > 0)

Proof. Apply the principle of mathematical induction on the vari-
ables “n”, “£” and finally “a”. []

Theorem 1.2.

1] T oy
(gn— (€= 1| = 1+ [+ 26](n — 1) + 2621 %E .

] : o
s l(en— (€= 1)2| = n+ [ 1 2=V
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2 2] _n(n+1)

&l@n@1» - i+ 1

3!
(n—=2)(n—1)(n)(n+1)
4]

+ [€% + 2¢]

+ [2¢7]

(€n— (€~ )" 5

&[ : ]nm+1Xn+m

¢ 2 Dl 2)

(n—=2)(n—1)(n)(n+1)(n+2)

+[2¢7] =

[a+1]
(&n — (€ - 1))2]

(¢ +ve integer: (n — i) is operative only for (n — 7) > 0).
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Proof. Apply the principle of mathematical induction on the vari-

ables “n”, “£” and finally “a”. O
Theorem 1.3.
1]
[(fn —A)?| = [€ = AP +[3¢% — 2¢A](n — 1)
e (n — 2)2('71 —1)
1] o~ 1(n
S, |(6n— A2| = [ — AP(n) + 3¢ — 26)" 2})( )
n—2)(n—1)(n 12
+ ey 2)(3! H(n) _ [(gn N
2 n\mn
S, [(en— Ay | = e — ap™ o 2,
NS (D[RR}
+ [252] (n _ 2)(” - 1)(n)(n + 1)

4!
[3]
(En — A)?
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on(n+1)(n+2)

3
o [(5” AP =€ - A )
e —2eal s 1)(n)(zl+ 1)(n +2)
+ 267 (n—2)(n— 1)(;)(71 1)+ 2)
= [(én . A)?
Sn [(é‘n : AR = e - ap™t D) &En +a—1)
logt - 2ea R
e LIS
= (én[a—H]A)2

(“£” +ve integer: “A” any integer: (n—i) is operative only for (n—i) >
0).

Proof. Apply the principle of mathematical induction on the vari-
ables “n”, “£” and finally “a”. ]
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2. Some simple generalizations

Theorem 2.1. For n any +ve even integer we have
ny /n
()42 (n—1)+3. (n—2)+ -+ (5) (§+1)

:n(n+11)n+2 [ZZA]

Proof. Apply the principle of mathematical induction on the variable
“n?7- D

Theorem 2.2. For n any +ve even integer and 0 any factor of n we
have

n3 + 3n20 + 2nd?

n(n
(0-n)4+20-(n—0)+30-(n—20)+- - +g (5 + (9) = 199

Proof. Apply the principle of mathematical induction on the variable
“n97. D

Theorem 2.3. For all integers n > 2\, n! > n* (A =1,2,3,--00).

Proof. Apply the principle of mathematical induction on the vari-
ables “n”” and “\”. (For A = 2 and \ = 3 we have the standard results.)
[1, p.9l. ]

Theorem 2.4. Forall A > 2and n > 1 (“)\” and “n” integers)

1 1 1 1 5 1 1 1
§+§+§+"'+§< — E—FE‘F"'—FW .
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Proof. Apply the principle of mathematical induction on the vari-

ables “n” and “)\”. (For A = 2 we have the standard results.)
[1, p.10]. O
Theorem 2.5.

CL2

(a

a+1P+(@+1)P+(@+2+(@+2)*+(a+2)*+ -

(a+1)"+
(n—1))?+(a+ (n—1))*---ntimes

i
4
{ (n)(n+1) } Za{(n_l)(g)(n+1>}+

{(n —21)(n) }2 N { (n — 1)(7%6)(27% - 1)}

for all algebraic values of “a” and n > 1, n integer.

Proof. Apply the principle of mathematical induction on the variable
‘Cn??. D

Theorem 2.6. For n > 3 integers n, (n + 2%), (n + 2M1)

(A=1,2,3,---00) cannot all be primes.

Proof. Apply the principle of mathematical induction on the vari-
ables “n” and “\”. (For A = 1 we have the standard result.)
[1, p.75]. ]

Theorem 2.7. For n > 3 integers

t t
(n + ZQ(AH)) : (n + ZQ(A+2‘)> ,(n+ 2()\—&-15—1—1)),
i=1 i=0
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(AN=1,2,3,---00], [t =1,2,3,---o0] cannot all be primes.
Proof. Apply Theorem 2.6 repeatedly. [l

Theorem 2.8. Forn > 3,letn, (n+2), (n+4),---,(n+2J) [0 =
2,3, - 0], be a Family of sequences of integers {Ss}.

Let P = {5Pi} = {5P1, 5P2, e ,6Pt} be the set of all odd prime
numbers such that 5P ; < 9 + 1 for each ¢ for each S;.

Then each of the sequences of {Ss} [0 = 2,3, - - - o¢], contains utmost

t

11— Z 5 prime numbers.

Py 7& P ]

Proof. Apply the principle of mathematical induction on the vari-
ables “n” and “0”. []

Theorem 2.9. Forn > 3,letn, (n+2%),--- (n+2%9) [ =1,2,3, - - 0],

[0 = 2,3, -], be a Families of sequences of integers {~.5 5} for each
€.
) 0, O ) :
Let P ={"P,;} = {"Py, Py,---, P} be the set of all odd prime
numbers such that 5Pz’ < 9 + 1 for each ¢ for each S;.

Then each of the sequences of {655} [ = 1,2,3,---00], [ =

2,3, ---00] contains utmost
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~+

§+1 1—25

prime numbers.

Proof. Apply the principle of mathematical induction on the vari-
ables “n” and “0” and &. ]

Theorem 2.10. For every integer 0 > 2 and for each integer n > 1

(0)

Proof. Apply the principle of mathematical induction on the vari-

ables “n” and “6”. (For 6 = 2 we have the standard result.)
[1, p.151]. O

Theorem 2.11. For every integer §; > 2 [¢ = 1,2, -- 7] and for each

integer n > 1

T

T [T ((6:m)!)

! 0
i=1 (n')bgl

Proof. Apply Theorem 2.10 on each ¢§; and multiply. ]

Theorem 2.12. For every integer 6 > 2 and for each integer n; > 1
[] - 1727"'6]

1:[ (0m;)!

{O)} | =—

[1(n;!)°

J=1

—_
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Proof. Apply Theorem 2.10 on each n; and multiply. ]

Theorem 2.13. For every integer §; > 2 [¢ = 1,2, -- 7] and for each
integern; > 1[j =1,2,---€]

[

i=1

{ i [T TT{(65;m,)'}
r} .

Proof. Apply Theorem 2.10 on each ¢; and n; and multiply. ]
Theorem 2.14. For every integer 6 > 2 and for each integer n > 1,
if p is a prime and if [- - - ] denotes the greatest integer function, the

exponent of the highest power of p which divides
)}/ (1)’ s 3 {[on/p"] — ol /p'}
h=1

Proof. Apply the principle of mathematical induction on the vari-
ables “n” and “6”. (For 6 = 2 we have the standard result.)
(1, p.151]. [

Theorem 2.15. For every integer 6; > 2 [¢ = 1,2, --- 7] and for each
integer n > 1, if p is a prime and if [- - - | denotes the greatest integer

function, the exponent of the highest power of p which divides
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Proof. Apply Theorem 2.14 on each ¢; and add. [

Theorem 2.16. For every integer 0 > 2 and for each integer n; > 1
[j =1,2,---7]if pis a prime and if [- - - ] denotes the greatest integer

function, the exponent of the highest power of p which divides

[T0n)t

s ) Z{ on; /0] = 8l 0"}
[Tty =i

J:
Proof. Apply Theorem 2.14 on each n; and add. ]

Theorem 2.17. For every integer §; > 2 [¢ = 1,2, --- 7] and for each
integern; > 1[j = 1,2,---7]if pis a prime and if [- - - | denotes the
greatest integer function, the exponent of the highest power of p which

o Hl Hl{(5 ”J)'} € T o0 B B
divides { is 32 52 3 {{om /'] = B[y /1)
(1=t } =

€

I
Proof. Apply Theorem 2.14 on each ¢; and n; and add the results.
[]

Theorem 2.18. For every integer 6 > 2 and for each integer n > 1,
in the prime factorization of (0n)!/(n!)°, the exponent of any prime p

such that () — 1)n < p < on is equal to 1. Generalizing we may
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say that for every integer 0 > 2 and for each integer n > 1, in the
prime factorization of (dn)!/(n!)°, the exponent of any prime p such
that (0—0—1)n < p < (0—0#)nisequalto (#+1)[0 =0,1,---(6—2)].

Proof. Apply the principle of mathematical induction on the vari-
ables “n” and “0”. (For 0 = 2 and & = 0 have the standard result.)
(1, p.151]. []

Theorem 2.19. For every integer §; > 2 [¢ = 1,2, --- 7] and for each
IT(m))

integer n > 1, in the prime factorization of =———, the exponent of
> &

(nl)i=1 '

any prime p such that ({ ]:[(52)} — 1) n<p< {]:[(52)} n is equal
i=1 i=1
to 1.

Generalizing we may say that for every integer 6; > 2 [ = 1,2, - - - 7]
T ((6m))
and for each integer n > 1, in the prime factorization of = gl the

(nl)i=1

exponent of any prime p such that ({ H(éz)} —0— 1) n<p<

1=1

({ﬁ((si)} - 9) nis equal to (6+1) [0 = 0,1, - - - ({131(5)} _ 2)].

[]

Theorem 2.20. For every integer 6 > 2 and for each integer n; > 1
[T (on,)!

Jj=1

[j = 1,2,---7], in the prime factorization of = - the exponent of
[T (n;!)
j=1

Proof. Apply Theorem 2.18 for every integer 0 = {
(6 >2).

T

2
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j=1 j=1

any prime p such that (§ — 1) { I1 (nj)} <p<d { I1 (nj)} is equal

to 1.

Generalizing we may say that for every integer 6 > 2 and for each
[T (on,)!

j=1

j=1

the exponent of any prime p such that (6 — 6 — 1) { 11 (n])} <p<
j=1

(59){]5[(7%)} isequalto (#+1).[#=0,1,--- (0 —2)].

Proof. Apply Theorem 2.18 for every integer n = { H (nj)} and
j=1

J>2. [

Theorem 2.21. For every integer 6; > 2 [+ = 1,2,---7] and for

each integer n; > 1 [7 = 1,2,---7], in the prime factorization of
[T TT{(m)1)

j=1li=1

{ g the exponent of any prime p such that
13 }

K3

(Lo} e = {0} 1)

1s equal to 1.

Il

Jj=1

l)i:l

Generalizing we may say that for every integer 6; > 2 [t = 1,2,--- 7]

and for each integer n; > 1[j = 1,2, --- 7], in the prime factorization
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of —— the exponent of any prime p such that

)+ )i} < (1) 9 )

isequalto (A +1).[#=0,1,--- ({]Z[((SZ)} 2)].

j=1
Proof. Apply Theorem 2.18 for every integer § = {H (6;) }, 5> 2

and for every integer n = { [1(n)) } O
j=1
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