TRIANGULAR NUMBERS—SOME GENERAL
THEOREMS AND RELATED RESULTS

R. Narayanan

Dedicated to my esteemed teacher, the inimitable N. B. N. — SSKZM

Abstract. The following results are proved.
T = {T07 Tl) T27 T37 T 'Tn, - OO} [T() = 0] are Triangu—

lar numbers

1. then (26 + 1)*T;, + Tt [¢€ > 0,n > 0] are also Triangular

Numbers.

2. then (2\)*T;, + Ty + An[A > 1,n > 0] are also Triangular

numbers.

3. The square of every odd number can be expressed as the

difference of two Triangular Numbers.

4. The square of every A even number can be expressed as the
difference of the ‘(3)\)™ Triangular Number’ and ‘the sum of

the A" Triangular Number and \’.
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5. For any Natural Number N > 2, there Exist Infinite Trian-

gular Numbers that are the Sum of N Triangular Numbers

each.
6. If
2 1 2 1
X:n(n+2a+ )_'_1’ y=nil, Z:n(n+2a+ )

Tx=T,+T.+(a—1)n=T,+T,+ (a—1)(y — 1)
[a=0,1,2, ---00] [n=10,1,2, ---, ]

(n—+1)(n+206)

1 2

2
Tx=T, + T.+38+B-1)n=T,+T1T.+0

+(B-1)(y—1[F=1,2,3---00] [n=0,1,2, ---, 0]

2

Various related sub-results are also proved.

Infinite Types of unique sub-classes of Triangular Numbers
are defined and the formulae or their sum upto “n” terms are
derived and these are expressed in terms of binomial coefficients

also.

Key words:- Triangular Numbers, Binomial Coefficiets, Infinite
Generalizations.
AMS Subject Classification No:- 11A99.
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1 Some General Results

Theorem 1.1. If T = {1y, 11,15, T3, - --T,,, - --00}[Ty = 0] are Trian-
gular Numbers then (26 +1)°T,, +T¢ [€ > 0,n > 0] are also Triangular

Numbers.

[Euler’s results that (9T, + 1), (25T, + 3), (49T, + 6),[n > 0] are
Triangular, are obtained as special cases when we set & = 1,2, and 3

respectively in the formula (26 + 1)*T,, + T.]
Proof. We prove the result by repeated induction.

For ¢ =0, (26 +1)°T,, + Tg are the set of Triangular Numbers them-
selves. For & = 1,2, 3 we have the standard results due to Euler which
are proved by induction on “n” for each specific value of ¢. To prove the
general formula for all values of £ > 0 we assume that the result is true
for & = k and prove that it is true for £ = k+ 1 and thus close the doubly
(infinitely) inductive argument. We state the complete set of Triangular
Numbers for each value of £ as follows which can easily be proved by
induction and the Pythagorean. Theorem that a number is Triangular if

n(n+1)

and only if it is of the form , 1n each case.

[Note on the notation:
|R]
In “T,,, R may be called the Root Level and L the Layer level which

define a specific sub-class of Triangular Numbers. ]

For( =0,26+1=1

1 e

T, = 5 =T, +Ty=(To+T)T,+Ty=T, [n>1]



Foré =1,26+1=3

3]

- (3n+1)(3n + 2)

2
= Tgnt1y [0 > 1]
For( =226 +1=5

3]
2 —

=91, +Th = (T + )T, + Th

(6n +1)(6n + 2)
2
= Tiont1) [0 > 1]
Foré§ =3,26+1=7

3]
3T —

= 25T, + Ts = (Tu+ T5)T, + Ty

(9n +1)(9n + 2)
2
= Tiont1y [n>1]
Foré =4,26+1=9

3]
) -

= 49T, + T3 = (Ts + T5)T, + T

(12n + 1)(12n + 2)
2
= (Ts + To)T, + Ty = Taony1y [0 > 1]
For( =526 +1=11

3]
5T —

— 81T, + T}

(15n + 1)(15n + 2)
2

= (Tlo + Tll)Tn +T5 = T(15n+1) [n > 1]

— 1217, + T}
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For £ =6,26+1 =13

3]

o (18n + 1)(18n + 2)

2
= (T2 + Ti3)Th + Ts = Tusnty  [n>1]

— 1697, + T

Clearly if ¢ =k

3]
kTh::(Bkn%—1§3kn%—2)

= (Top + Topyr) + T + Tk = T(gkns1y [0 > 1])

= (2k + 1T, + Ty,

are Triangular, then for £ =k + 1

3
k+£if:@%+lMA&§Mk+Dn+®

(2(k + 1) + 1)*T;, + Tii
= (Tyrr1) + Torr1y41) + Tn + Tipa

= T30+1)nt1) [0 > 1]

are also Triangular thus proving that

6[1‘] (3¢n + )2(3571 + 2) (6417, 4 T

= (Toe + Toer 1) T+ Te = Tigeny €= 1L,n>1] (1.1

are all Triangular. Thus we may say that Triangular Numbers derived
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form Root Level 3 Layer Levels £[{ > 1] are Eulerian classes of Trian-
gular Numbers and we may call “¢” the Eulerian Class Level Number.

For £ = 0 the Eulerian class is the set of all Triangular Numbers. [

Corollary 1.1. Every Triangular Number can be Expressed the Differ-
ence of a Triangular Number and the Sum of two Triangular numbers

and the product of another Triangular Number in Infinite Ways.

Te = Tisenr1) — (Toe + Toer))T [€2 1,02 1]

Proof. Trivial from (1.1). O

Corollary 1.2. Every Triangular Number can be Expressed as the Ratio
of the Difference of Two Triangular Numbers and the Sum of Two Trian-
gular Numbers in Infinite Ways.

_ T(Bfn—&-l) - Tf
b (T + Toetn)

€=1,n>1]

Proof. Trivial form (1.1). [

Corollary 1.3. For ¢ > 1,n > 1

(26 +1)*(n+1)% = Tiaenrn) + Taeninyrn) — 27¢

Proof.

Bl Ben+1)(Ben+2)
Er, = :

= (Toe + Toe1) T+ Te = Tiggnsry 2= 1L,n>1]  (1.2)

= (26 + 1)*T,, + T¢
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(26 +1)°Th + Te = Tizent)- (1.3)

Substituting n = n + 1 in (1.3)
(26 +1)*Tni1 + Te = Tize(nin) 1) (1.4)

adding the two equations, substituting 7}, + T},.; = (n + 1)? [Nico-

machus] and simplifying we have

(26 +1)*(n+ 1)% = Tizent1) + Tiaenrny+1) — 21k
€>1,n>1] (1.5)

2¢ 4 1 defines the set of all odd numbers. Seeking a symmetric result

for all even numbers, we have the following theorem. [

Theorem 1.2. IfT = {To,Tl,TQ,Tg, ---Tn, ---OO}[TQ = 0] are Tri-
angular Numbers then (2)\)°T,, + Ty + M [\ > 1,n > 0] are also

Triangular Numbers.
Proof. We prove the result by repeated induction.

First we prove for A = 1, 2, 3 by induction on “n” for each specific value
of A\. To prove the general formula for all values of A > 1 we assume
that the result is true for A = £ and prove that it is true for A = k£ + 1
and thus close the doubly (infinitely) inductive argument. We state the
complete set of Triangular Numbers for each value of \ as follows which
can easily be proved by induction and the Pythagorean Theorem that a

n(n+1)

number is Triangular if and only if if it is the form , in each

case.



ForA=1, 2\ =2

1]

2r _ (2n +1)(2n + 2)

:4Tn+T1+1n

= (M + )T, +T1 +1(n) =T3, [n>1]

For A =2, 2\ =4

1]

5 _ (5n + 1)(bn + 2)

2
= (T3 + T)T, + Ty + 2n =T, [0 > 1]

= 16T, + T» + 2n

For A\ =3, 2A =6

1

S _ (8n +1)(8n + 2)

2
= (T5 +T6)T, + T3+ 3n =Ty, [n>1]

=367, + 15+ 3n

For A =4, 2\ =8

11[1] (11n +1)(11n +2)
T, = 5 =647, + Ty + 4n

= (T7 + T3)T, + Ty +4n =Try, [n > 1]

For A =5, 2A =10

1
14[1“] (140 + 1)(14n + 2)
o 2

= 1007, + 15 + 5n
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For A =6, 2\ =12

1

17p _ (17n+ 1)(17Tn + 2)

2
= (Ty +T2)T, + Ts + 6n =T, [n>1]

= 1447, + T + 6n

For \=7, 2\=14

1]

20T B (20n + 1)(20n + 2)

2
= (T13 + T14)Tn +T7 4+ Tn =Thy, [Tl > 1]

= 1967, +17 + Tn

For A =k, 2\ = 2k

1
(3k — 1)[,1]1 _ (Bk—1n+1)((3k — 1)n + 2)
B 2
= (2k)*T, + T} + kn

= (T 1+ Tp)Tn+ T+ kn=Ts, [n>1]

ForA=k+1, 2A =2(k + 1)

1
(3k + 2)[’I]‘ _ (Bk+2)n+ 1)((3k+2)n + 2)
" 2
= (2(k 4+ 1))°T + Tiryr) + (k+ 1)n

= (T + Toer) T + Ty + (B + )0 = Tigpaayn

n> 1)
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are also triangular thus proving that

1
(31 — 1)[,11 (BA=1)n+1)((BA—1)n+2)

n — 9
= (2\)?T, + T\ + An
= (Tox1 + Ton)T5, + T+ An=T3y, [0 > 1]

(1.6)

are all Triangular. Thus we may say that Triangular Numbers derived
from Root Level 1 Layer Levels (3A—1)[A > 1] are Pythagorean classes
of Triangular Numbers and we may call “(3A — 1)” the Pythagorean
Class Level Number. [

Corollary 1.4. Every Triangular Number can be Expressed the “Differ-
ence of a Triangular Number” and “the Sum of Two Triangular Num-
bers and the product of another Triangular Number and a specific con-

stant (product of the two indexing factors)” in Infinite Ways.

Tx = T3 — (Tor—1 + To0)T, — An A>1,n>1]
Proof. Trivial from (1.6) [

Corollary 1.5. Every Triangular Number can be Expressed as the Ratio
of the “Difference of a Triangular Number and the Sum of a Triangular
Number and a specific constant (product of the two indexing factors)”

and the “Sum of Two Triangular Numbers” in Infinite Ways.

Tx =T — (Tor—1 + 1o)\)T, — An

T . Tg)\n — (T,\ + )\TL)
" (Tox-1 + T3y)

A>1,n>1]
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Proof. Trivial from (1.6) U

Corollary 1.6. For A > 1,n > 1

(2A)*(n 4 1) = Tyx, + Tisame)) — (2T + A(2n + 1))

Proof.

1]
BA—1)q _ (BA=1n+ 1)(BA—=1)n+2)
" 2
= (2\)?’T, + T\ + An
= (Tg)\f1 -+ TQ)\)Tn + T\ + A\n =1Tj),

A>1,n>1]

(20)2T, + Ty + An = Ty,

Substituting n = n + 1 in (1.9)

(2X)*Ti1 + Ta+ A+ 1) = Tigaprny)

11

(1.7)

(1.8)

(1.9)

(1.10)

adding the two equations substituting 7, + Tj,;1 = (n + 1)? [Nico-

machus] and simplifying we have

(2A)*(n + 1) = Tap + Tisamery) — 70 + A(2n + 1))

A>1,n>1 (1.11)
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2 Two General Theorems on Triangular Numbers

Theorem 2.1. The square of every odd number can be expressed as the

difference of two Triangular Numbers.

Proof. We have
(26 +1)°Ty + Te = Tizent) 2.1
Substituting n = 1 in (2.1), we have
(26 +1)% = Tigeqy — Te [€> 0] (2.2)

The standard result that “the square of any odd multiple of 3 is the dif-
ference of two Triangular Numbers [i.e., 9(2n + 1)? = Ty, — T351]”
[Ref. 6], clearly is a cumbersome expression of a special case when the
“odd multiples of 3” are the odd numbers concerned! Again, looking for

General Symmetry we have. [

Theorem 2.2. The square of every X" even number can be expressed as
the difference of the ‘(3\)", Triangular Number’ and ‘the sum of the \"

Triangular Number and \’.

Proof. We have,
(2A)2T, + Tx + An = T3y, (2.3)
Substituting n = 1 in (2.3), we have

2N =T — (Th+ ) A >1] (2.4)
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3 Infinite Root Levels and Layer Levels of Triangular Numbers

In this section we define various Root-Levels and Layer-Levels of Tri-
angular Numbers and investigate them.
|R]
It T, R may be called the Root Level and L the Layer Level which

define a specific sub-class of Triangular Numbers.

The sequence of Layer-Levels for each Root-Level Facilitates the
Proof for All Root-Levels.

1]
1 2
Tn+1:(n+ )2(n+ ) [’I’L:O,l,Q,---,OO]
= T17T27T37T47T57 '__nTl—l—(n—l)u - X
A e+ )
Tn—l—l: 2 [n2071727"'7001
= T17T37T57T77 T97 ___7T1+2(n—1)7 -5 0
GG+
Toi1 = 5 n=0,1,2, ---, 0]
= T17T47T77T107T137 "'7T1—|—3(n—1)7 ---, 00
A yan+2)
Tn-i-l: [TL:O,l,Q,---,OO]

2
=T1,T5,T9, 113, T17, - -~ T144(n—1), -==, O



1]
1 2
(an-l-l - (¢n - )2<¢n i ) [n - 07 1727 T OO]
=T1,T1v¢, T1120, T11 3¢, 1146, =~ = Ty p(n—-1), ===, 0
2]
2 1)(2 2
T, = 27 )2(”+ ) n=0,1,2, ---, o)
=T1,13,T5, 17,19, ---, T142(n—1), -~ X
2]
4 1)(4 2
T ., =t Dlnt2) n=0,1,2, ---, 00
- 2
=T1,T5,T9, 113, T17, - ==, T14(n—1), -=-, O
2]
1)(6 2
T,,, = On T D6n+2) n=0,1,2, ---, 00l
2
= T1,T7,T13, Thg, T25, -- -, T146(n-1), -~ OO
2]
1 2
dp = (8n +1)(8n + 2) n=0,1,2, ---,00]
2
=Ty, Ty, Th7, 125,133, - -~ T148(n—1), ===, 0
2]
2 1)(2 2
¢Tn+1:( ¢n+ )( ¢n+ ) [n=O,1,2,———,OO]

2

=T1,T112¢, T1a9, T1v60s 1180 === L1 (26n—1)5 ===, 0

14
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1[:;]”1 _ (3n + 1)2(3n + 2) =012 - o]
= T4, T4, T, Tro, Thg, - Tissut), —- 00

[i)‘]nﬂ _ (6n + 1)2(6n + 2) n=01,2 - o
= T1,T7,T13,Th9, To5, - -, T146(n-1), ===, OO

3[;]n+1 _ (9n + 1)2(9n + 2) = 0.1,2, - o]
= T1, Tvo, Tho, Tas, T37, ===, T119(n—1), -~ 0

4[;]11“ _ (12n + 1)2(12n + 2) = 0.1,2, - o]
=T, T3, 125, T37, Tao, ---, T1112(n-1), ===, 00

¢[':Is‘]n+1 _ (3pn + 1)2(3¢n +2) = 0,12 - o)
= T1,T143¢, T116¢> 111945 114126, === T143p(n—1)> -~ 00

1[;1‘]11“ _ (4n + 1)(4n + 2) n=0,1,2, - o0

2

=T1,T5,Ty, T13, T17, -- =, T114(n—1), ==, 00
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4
2[ | (8n+1)(8n + 2)
Tn+1: 9 [n:O,l,Z,—--,oo]
=T, Ty, Th7,T25, 133, - -~ T148(n—-1), ==~ 0
4
4 o )20+ 2)
Tn—|—1: 9 [n:0,1,2,---,oo]
= T1,T13, 125, T37, Tag, - -, T1112(n-1), -, X
4]
16 1)(16 2
4Tn+1:( n )2( nT ) [’I’L:O,l,Q,---,OO]
= T1,T17, 133, Tag, Tes, -~ -, T1416(n—1)> -~ OO
4]
4 1) (o4 2
o,y = DO 2 [ =0,1,2, -~ 0]
=11, T1 14, T1isg, T1112¢5 T141605 === Ti44¢(n—1), ===, O
[R]
R (R 2
1Tn+1:( nT )2( n ) [n:O,l,Q,———,oo]
=T1,T14r, T112r, T1 43R, T144R, -~ - Ti4R(—-1), ==~
R
2R 1)(2R 2
Tn—|—1:( n )( n ) [n:0,1,2,——-,oo]

2

=T1,T1v2r, T1var, T1v6r, T1isrs - - T112R(n-1), ===, OO
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R
3R (3R 2
Tn—|—1:( n )2( n ) [n:0,1,2,—--,oo]
= T1,T1 3R, T1v6r, T149R, T1112R, -~ -, T143R(n—1), === OO
[R]
4R 1)(4R 2
Tn+1:( nt )2( nt ) [n:O,l,Q,———,oo]
= T1,T1var, T148R, T1112R, T1116R, =~ - T144R(n—1)5 -~ OO
R}
R D (oR 2
¢r:I?n-i-l:(gb n )2(¢ ne ) [n:0,1,2,—--,oo]
=T1,Th1or T1120R, T1136R, T1v46R, =~ Ti4gR(n-1)5 ===, OO
[¢ = 1727 ___OO]
[R=1,2, ---, 0]

4 The Infinite Triangular Number Classes in terms of Binomial

Coefficients

We can easily prove by Repeated Induction the following results.
n=20,1,2, ---, 00]

1[1] (n +2

Thi1 = 5 ) =T, 4+ 1 [Thisis the standard result. Ref.6)]



4Tn+ _ 4n2+ 2

AU <¢n T 2)
Thi1 = 9

2 (2n T 2)
Thi1 = 9

2[]2?‘]11 _ (471;— 2)

3[2] 6n + 2
e

4[2] 8n + 2
e
2]

¢Tn+ _ (2¢TL2-|— 2

18



3]

Tn+1

3]

Tn+1

3]
4r:[‘nJrl

[4]
2r:[‘n—kl

4]

Tn+1

4]

Tn+1

Triangular Numbers—Some General Theorems - - -
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The result if True for £ ie.

k]

¢Tn+1 _ <k¢n2+ 2) N

_ <(k:+ 1)¢n + 2

20

is also True for k£ + 1 proving the General Result for R = 1,2, ---00

1[?] _ (Rn + 2)
n+1 5
S (2Rn + 2>
nil = 5
3[%“ _ (31%2 + 2)
4['[1“{1+1 _ (4an + 2)
fT{lH _ (ngRr; + 2)

[p=1,2, ---,00]
[R=1,2, ---, ]
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5 The Formulae for the Sum up to the ' term of Infinite Root

Levels and Layer Levels of Triangular Numbers

In this section we derive the Formulae for the Sum up to the n'" term of
Infinite Root Levels and Layer Levels of Triangular Numbers. Aryab-
hatta’s traditional formula for the Sum of Triangular Numbers is as-

sumed.

For this purpose we need to consider a simple case of General Arith-

metic cum Arithmetic Inductive Progressions. [Ref.7]

Let
cn—1)(n—2)

Plh=a+0bn—1)+ 5

(5.1

[a, b and ¢ are algebraic numbers.]

[Substituting a = 1,b = 2 and ¢ = 1 we get the sequence of the set of
All Triangular Numbers T.]

Now we can easily prove by Induction that the sum of this progres-

sion up to n terms is

SulP] = an + b [M]

2
cn—1)(n—2) 2c¢(n—2)(n—3)
2 * 2

3e(n—1)(n—2) (n—2)c(2)(1)
+ 5 . 5 .
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(1)) ()E)+()6) 52
n=>1 n>2 n>3
1 S (i+1)(i +2)
Sim, - $ 0 SR

p$ln e G+ 1)

Substituting a = 1,b = 2,¢ = 12 = 1, in (5.2) we have

—n49 (n(n —1)] +nz_: Z.(Tz—z')(7z—(z'+1))

s :n(n -], [n(n —1)(n — 2)}

() -00- 6)

n>1 n> 2 n>3
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§:2TL%1:§:cn+1§%+2) 1.2 o0

§:ﬂ+21—1
1

n—2

. Tl)[ (n—1]+2222n—2 (n—(i+1))

Substituting a = 1, b = 5, ¢ = 22 = 4, in (5.2) we have

:n+5:ﬂ%;9{+4§fﬂ”_“m;@+4n
:n+5WW£lT+4rW%%¥ —%]
- () +()E)()E)
n>1] [n>2 n> 3
§:3E1 __ij(&/kgfn+2) = 1.2, -o-o0]

Substitutinga = 1, b =9, c = 32 = 9, in (5.2) we have
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g n(n—1)] 9”2‘5 Z,(n—z')(nz— (i+1))

=n+9 — +9[n("_1)(n_2)}

- (1) +()E)

n=1] 22

n—1 [1] n—1 . .
Z4Ti+1zz(4z+1)2(42+2) = 1.2, o0

_ Zj:Tl fai_p=n+(T-T) [n(nQ— 1)]

(2 e =+ 1)

Substituting a = 1, b = 14, ¢ = 4> = 16, in (5.2) we have

14 n(n—1)] —|—16n§_: i(n—i)(n—(i+1))

=n+14
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1]

Z¢T +1= Z ¢ +2) n=1,2 --- 00]
n(n —1)

i Z (4 )

Substitutinga = 1,0 = [(¢ + 1)2(¢ +2) — ] c = ¢%,1in (5.2) we have

[w+&§¢+2)_4[nmgdq

B o Ll )

(e+1)(¢+2) 1] [n(n - 1)]

:"+[ 2 ol




26

(22 e =+ 1)

1

Substituting a = 1, b = 5, ¢ = 22 = 4, in (5.2) we have

4 n(n—1)] +4Z Z,(71—2')(71—(2’4—1))

n—2
+422Zn—2 — (14 1))
1

Substituting a = 1, b = 14, ¢ = 4> = 16, in (5.2) we have

4 n(n—1)] +16RZ: (n—i)(n—(i+1))

2 2

—n+14 :”("2!_ 1): +16 {"(” - 13)!(" - 2)]
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- (1) +()6) - ()6)

n>1 n > 2 n>3
“‘13[2] L (6i + 1)(6i + 2)
Z T o :Z 5 n=1,2,--- 00]
0 0
i nn—1
=2 T 6 —1)=n+(T=T) (2 )]

Substituting a = 1, b = 27, ¢ = 6> = 36, in (5.2) we have

=n+ 27 _M_ —|—36n§_: i(”_i)(”—(iJrl))

2 2
—n+27 m +36{ (”_13)!("_2)]
- )+ (1)(3) (1))
i4[1%]i+1:i (8 + 1 82+2) m =12 o]

- nin—1
:Z:Tl—i—S(i—l):”Jr(T??_Tl) %1
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Substituting @ = 1, b = 44, ¢ = 8% = 64, in (5.2) we have

a4 n(n—1)] —|—64nz: Z_(n—z’)(nz— (1+1))

1.6 {n(n—n(n—z)]

3!

() (40 (0
=P

1
Z¢Ti+1=2(2m“)f¢”2) n=1,2,---, o0
0

n(n—1
:ZT1+2¢(2'—1):”+(T1+2¢—T1)[ ( 5 )]

2;2 ; n—i n—(z+1))

= (2¢)% in (5.2)

2 1)(2¢ + 2
Substituting a = 1, b = {( o+ 1)(20+ )—1],0

2
we have

[(w + 1)2(2¢ +2) 1] [n(nQ— 1)]

2n2 n—i)(n—(G+1
;Z ~(+1)

R [(2¢+1)2(2¢+2) B 1] [n(nZ!— 1)]
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(20 +1)(2¢ + 2)

T @0

.E! n>2 n>3

n—1 ] n—l
Z T i+ 1, Z 2 n=1,2, ---, 00]

:;Tus(z—l):mm_m [n 2 ]

=n-+9

2 2

9 :”<”2!‘ ”: o [n<n ~n 2)}
- () (6O
n>1] [n>2] [n>3
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_ZT1+6( )—n+(T7 T)) [n )]

—|—62nz: ; n—z)(n2— (1+1))

Substituting @ = 1, b = 27, ¢ = 6> = 36, in (5.2) we have

n(n —1)] 2 n—i)(n—(i+1
:n+27_ ( 5 )_+36Z z( ) 5 ( )

_n(nz!_ 1>: +36 [

Q) -0

EESIATE)

=n+ 27

n(n — 13)!(71 - 2)]

-1 [3] -1

(9 +1 92—|—2)
ST, =Y [ =1,2, -, 00
0 0

‘ n(n —1
:;T1+9(¢—1):”+(T10—T1)[ ( 5 >]

+92nz n— z)(n2— (1+1))

Substituting @ = 1, b = 54, ¢ = 9% = 81, in (5.2) we have

n(n —1)] 2 n—i)(n—(i+1
:n+54_(2 )_+812z( )(2 (+1)

_"(HZ!_ 1): +81 [

n(n—1)(n — 2)]

=n+o4 3]
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- (1) +()E) - ()E)

n>1 n>2 n >3

-1 .
4 (12 + 1)(12i + 2)
Z Ti+1:Z [n:1727"'7oo]
0

Substituting a = 1, b = 90, ¢ = (12)% = 144, in (5.2) we have

(n(n—1)] (n—i)n—(i+1
=n+ 90 _%_—i—llylzl: Z( )( 5 ( )
=n+90 :—”(”2!_ D] 414 {”(”_13)!(”_2)]

- (1) (M) ()
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l\’)

n—

(n—i)(n—(i+1)
2

+(3¢)*

1

-

B3¢ +1)(3¢0 +2)
2

Substituting a = 1, b = [ — 1|, ¢ = (3¢)% in (5.2)

we have

- [(3¢+1)(3¢+2) - 1} [n(n_ "

2 2
Hpop 3 r e =+ 1)
_ [(3¢ + 1)2(3¢ +2) 1] [n(nzl— 1)
(36 [n<n - 13>!<n - 2>]
B¢+ 1)(3¢+2) N
00000
n-1 (4] 1 .
DRTRES SR LR = 1,2 oo
= iTH‘l(il) =n+ (15— T) [n(n; 1)]
e T n—(i+1)

1

Substituting a = 1, b = 14, ¢ = 4> = 16, in (5.2) we have
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=n+14

=n+ 14 o1

- (1) ()6 (D))

n>1 n>2

n—1 [4] n-1 /5. )
ZzTi+1:Z(82+1)2(82+2) =12, o0

n(n —1)

ot dd :n(nz— 1) +64$ n— )(n2—( +1))
— 444 w LG4 [”(" - 13)!(71 - 2)]
- (1) (V) 6)+ () G)

n>1]  [n>2] n>3

n-—1 [4] n—1 . ]
3 (12i 4+ 1)(12i + 2)
Z T1+1:Z 2 [n:1727"'700]
0 0
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Substituting a = 1, b = 90, ¢ = (12)% = 144, in (5.2) we have

=1+ 90 -"(”2_ 1): +144§1: z("_i)(”; (+1)
—n+90 :"(HQ!_ 1): + 144 {"(n_lg)!(”_m]
- (1) (1)) (1))
n>1 [n>2 n>3
4[4]. — (160 + 1) 16z'+2) o
> Ty XO: n=1,2, --- 00
_ZT1+16(2_1>—n+ (Ty7 — Ty) [n ]

2n2zn—2 (z—i—l))

1

Substituting a = 1, b = 152, ¢ = (16)? = 256, in (5.2) we have

— 4152 ["(”2_ 1)] + 25631: "= i)(”; i+1)
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= n + 152 ["(” — 1)] + 256 [”(” — Din = 2)}

() - (00- 0

4]

n—1 n—1 A 1 Ai 9
Z¢T1+1=Z(¢” )2(¢Z+ ) n=1,2,---, 00|
0 0

i nn—1
:;Tl—f—llqﬁ(i—l):n+(T1+4¢_T1)[ (2 )]

_|_(4¢)2 i Z(n - i)(nQ_ (i+1))

(4¢ +1)(49 +2)

Substituting a = 1, b = [ 5

~ 1}, ¢ = (4¢)2 in (5.2)

we have

—n+ [(‘W) + 1)2(4¢ +2) 1} [n(n - 1)]

+(4¢)2 z_: Z(n - i)(n2_ (i+1))

N [(4¢ + 1)2(4¢ +2) 1] [n(n - 1)




36

(49 + (4 +2) 1] )

0 -CTET @ @)

=y 33
[R] n—1 . .
Ri+1)(Ri+2
Yim, =3 g ) n=1,2, ---, o)
0

(R+1)(R+2)
2

Substituting a = 1, b = [
have

- 1] ,c = R? in (5.2) we

:n+{um4¥3+zy_4{mn_nl

R e )]

{(R + 1)2(R +2) 1] {n(n —1)

:n—|—
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I“l[RJ (2Ri + 1)(2Ri + 2)
Z T_|_1 Z 5 n=1,2--- 00]

- n(n—1
= Tuore-y =n+ (Tuer — T1) [ ( 5 )]
1

—|—(2R)2 z_: Z(n - i)(nQ_ (i+1))

¢ = (2R)% in (5.2)

Substituting a = 1, b = { 5

we have

(y%+U@R+2y_4

Fm@+2f3+2y_4[nmgqq

—I—(2R)2 Z Z(n - i)(n2_ (i+1))

n+[@R+QfR+2y_4[mi;n

+{2}DQ{

mn—gm—m]

(2R + 1)(2R +2)

(T @ e

n>2

— 3

S
1V
—_

|

(3Ri +1 (3Ri +2)
Z T—|‘1 Z [n:1,2,—--,oo]

r—|

= Z Ti3ra-1) =1+ (Tiwsr — Th) [ 5
1
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—|—(3R)2 Z_: Z(n _ i)(nQ_ (Z + 1))

(3R+1)(3R +2)
2

Substituting a = 1, b = [ — 1], c = (3R)? in (5.2)

we have

- [(3R+ 1)2(3R+ 2) 1] [n(nQ— 1)]

—I—(3R)2 Z Z(n - i)(nQ_ (i+1))

{(SR + 1)2(3R +2) 1] [n(n —1)

=n

(3R +1)(3R +2)

SR G IO

n>1 n>2 n>3
n—1 [R] n—1 . .
4 (4Ri+ 1)(4Ri + 2)
Z Ti—l—lzz 2 [n=1,2,———,oo]
0 0
- nin—1
:ZT1+4R(i—1):n+<T1+4R_T1)[ ( 5 )]
1

ranp S 000 (i 1)

[(4}% +1)(4R + 2)

> - 1], ¢ = (4R)2,in (5.2)

Substituting a = 1, b =

we have
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[@R+1§ya+m_l]

- [(4R+ 1)2(4R+2) B 1] [w]

~HMW{Mn_2m_m]

[@R+n@3+m
_|_

- e e

n>1 n>2
. gb[R] 2 (pRi+ 1)(¢Ri + 2)
Z Ti+1:Z 2 [7121,2,———,00]
0 0

- n(n —1
= ZT1+¢R(i—1) =n+ (T11or — T1) [ ( 5 )]
1

+(¢R)2 i Z(n - Z)(TL2— (l + 1))

(pR+1)(pR + 2)
2

Substituting @ = 1, b = [ — 1] ,c= (¢R)% in (5.2)

we have

:n+{WR+4§¢R+2y_4[nm-4q

—|—(¢R)2 i Z(n _ i)(n2_ (Z + 1))
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:n+[@3+4§¢R+2y_4lﬁ@;34

(¢R+1)(¢R +2)

TN @ e

n>1 n > 2 n >3

6 Some Interesting Properties of Triangular Numbers

We have proved Theorem 1.1 that
T ={Ty,T1,T5. 15, ---, T, ---,00}[Ty = 0] are Triangular Numbers
then (2€ + 1)*T,, + T¢[€ > 0,n > 0] are also Triangular Numbers.

We can utilize this theorem to generate Infinite Inductive Theorems as
follows. The self-evident (though a bit cumbersome) inductive steps of

the Proofs are omitted.

Theorem 6.1. There Exist Infinite Triangular Numbers That Are the sum

of three Triangular Numbers.

Proof. Substituting n = 1 in “(Tye + Toeq1) Ty + T = Tizent1)”[1.1]

we have To¢ + Thoe iy + Te = T(3¢41) - [ > 1] proving the theorem. [

Theorem 6.2. There Exist Infinite Triangular Numbers That Are the sum

of Five Triangular Numbers.

Proof. ((2€ + 1)2)2 + T(3g11) = (Toe + T2§+1)2 + Tise+1
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= Tioe+1)2 + Tj2e41)241) + Tog + Tog 1 + 1

= Tiae11)243¢+1)] - [§ = 1] proving the theorem. [

Theorem 6.3. There Exist Infinite Triangular Numbers That Are the sum

of Seven Triangular Numbers.
Proof. (((2€ +1)*)*)* + Tyaes1y24(3¢1)) =

Ti((2e+1)2)7) F Ti((2e+1)2)2+1)
Togrry + Tjesry241) + Tog + Togrn + T

= Tj(er1p e+ 1€ 2 1]
proving the theorem.

[

Theorem 6.4. There Exist Infinite Triangular Numbers That Are the sum

of Nine Triangular Numbers.

Proof. ((((26 +1)%)%)%)% 4+ T((2e11)2)24+(2641)2+(3¢+1)] =
Tierreye + Ti@ernz) + Tieerza+
Ti@errpe + Tern? + T + Tae + Togn + T

(2611222464122 26412+ (3e )] - 1§ = 1]

proving the theorem.
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Theorem 6.7[7 > 1]. There Exist Infinite Triangular Numbers That
Are the sum of (2T + 1), [T > 1| Triangular Numbers.

We continue the Inductive Proof for [7 > 3]
((((26 +1)2)%)?)7 tmest-
Ti(g+1)22))))tr2simes - (2641)2)2+ (2641024 (3¢ 41)] =
Ti((grny2y)rviimesg + Ti((((2641)2)2)2)0-imes 11 +
Ti(g+1y2y2p2)0-2mes) + T]((((2641)2)2)2) - Dwimes. 1)

T[((((2§+1)2)2)2)(7—3)times] -+ 1—'[((((2§+1)2)2)2)(7’—3)times+1]+

Ti(((2e+1)2)2)) F Ti((2e+1)2)2)+1)F
Tiogr1)2 + Tioes1)241) + Toe + Toer1 + 1

= Th((((2e41)2)2)2))) - Deimes g -4 (26412 + (26 +1)2 + (3E + 1))
€ > 1][T > 3]

Simplifying

27’
(25 T 1) T T[(25+1)2(T‘2)+---+(2§+1)4+(2§+1)2+(3§+1)]

T

ey T

[(2§+1)2<T*”+11+

T

ey T

@e41)20 24y T
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_|_

Tie1)y + Tier1)11) + Tiogr1)2 + Tj2e+1)2+41]

—|—T2§ + T25+1 + Tg

- T[(2§+1)2(H)+---+(25+1)4+(2g+1)2+(3g+1)] e €21 = 3]
proving the theorems.
We have Proved Theorem 1.2 that
If T = {1y, T, 15,13, ---T),, ---, ---00}[Ty = 0] are Triangular

Numbers then (2X)?T;, + T\ + An[\ > 1,n > 0] are also Triangular

Numbers.

We can utilise this theorem to generate Infinite Inductive Theorems as
follows. The self-evident (though a bit cumbersome) inductive steps of

the Proofs are omitted.

Theorem 6.5. There Exist Infinite Triangular Numbers That Are the sum
of three Triangular Numbers and a specified constant A = 1,2,3, ---00

or Equivalently.

Foreach A\ =1,2,3, ---,00 There Exist Three Triangular Numbers,

the Sum of which and ) is yet another Triangular Number.

Proof. Substituting n = 1in “(Toy_1 + To))T, + T\ + An = T5),”
[1.2] we have Toy_1+Toy+Th+ A = T3, [A > 1] proving the theorem.
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When A is a Triangular Number we have the Infinite cases when we

have Triangular Numbers that are the Sum of Four Triangular Numbers
Tinms)-1] + Tamer) + T[n(n;ln + T, = T3n<g+1> n > 1]

proving the theorem. [

Theorem 6.6. There Exist Infinite Triangular Numbers That Are the sum

of Five Triangular Numbers and a specified constant A = 1,2,3, ---, 00
or Equivalently.
For each A = 1,2,3, ---,00 There Exist Five Triangular Numbers,

the Sum of which and )\ is yet another Triangular Number.

Pl’OOf. ((2)\)2)2 + T3)\ = (TQ)\_l + TQ)\)Q + T3)\
=Tz + Tionzey + Toa1 +Tox +Th + A
= Tion24(30)] ° [A > 1] proving the theorem.

When A is a Triangular Number we have the Infinite cases when we have

Triangular Numbers that are the Sum of Six Triangular Numbers

Ty + Lnmrn)ze1 T g1 + Lo + Lo +In

=T

[(n(n*‘l))%‘W] : [TL > 1]

proving the theorem. []

Theorem 6.7. There Exist Infinite Triangular Numbers That Are the sum
of Seven Triangular Numbers and a specified constant A = 1,2,3, ---, 00

or Equivalently.
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Foreach A\ =1,2,3, ---,00 There Exist Seven Triangular Numbers,

the Sum of which and ) is yet another Triangular Number.
Proof.
((2X)%)%)* + Tyanzsn) = Tengy + Tienr+

+ Tione + Tionzg1y + Toxo1 +Tox + Th + A

= Thevpe+ezen - A2 1
proving the theorem.

When A\ is a Triangular Number we have the Infinite cases when we have

Triangular Numbers that are the Sum of Eight Triangular Numbers

Ti((n(n+1))22) + Tl((n(nt+1))2)2+1) + Tn(n+1))2)F
Tinmryze1) T Tjmn+1) -1 + L)) + Lo +In

=T

n(n+1 ° >
[(n(n+1))2)2+(n(n+1))2+ 225 [n = 1]

proving the theorem. [

Theorem 6.8. There Exist Infinite Triangular Numbers That Are the
sum of Nine Triangular Numbers and a specified constant \ = 1,2, 3,

- - -, 00 or Equivalently.

For each A\ = 1,2, 3, ---, 00 There Exist Nine Triangular Numbers, the

Sum of which and )\ is yet another Triangular Number.

Proof. ((((2M)?)*))? + Tyan2)2+ 202 +(33)] =
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Ti(202)22) T Ti(2n2)2241) T i) + 22+t
Tone + ey +Ton1 +Toa+Th + A

= {02220+ @02+ (3N (A = 1]

proving the theorem.

When ) is a Triangular Number we have the Infinite cases when we have

Triangular Numbers that are the Sum of Ten Triangular Numbers

Ti(((n(n+1))2)2)2) + T{(((n(n+1))2)2)241]
Ti((nn+1)2)2) + L((n(n+1))2)24+1]
Ty + w241 + Lngan-1) + Tagar) + Lo + 15

=T

(4 1))2)2)2-+ (n(n+1))2)2 (et 1)) 2oy [0 2> 1]

proving the theorem. [

Theorem 6. v[1p > 1]. There Exist Infinite Triangular Numbers That
Are the sum of (2¢ + 1) [vv > 1] Triangular Numbers and a specified
constant A = 1,2, 3, - --, 00 Or Equivalently.

For each A = 1,2,3, ---, 00 There Exist (2¢ + 1)[¢ > 1] Triangular

Numbers, the Sum of which and ) is yet another Triangular Number.

We continue the Inductive Proof for [¢) > 3]
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((((2X)2)%)%))))¥ times
Ti@n2y) -2 smes (2122202430 =
Titnpyzyz)w-n imes + Ti((27)2)2)2)) 00 times 1)+
Titanpyzy2) w2 imeg + Ti((20)2)2)2))0-2) times 1)+
Tit(ny2y2y) w9 imes) + Ti((((20)2)2)2)) 05 times 11 F
Tin2)2 + Tien2z+1 + Tiane + Tieazen) + Toar + Doy +Th + A

= Tj((an2)2)2)w-vtmes (a2 ea24@y) A2 1 [ >3]

Simplifying

oW —
CXN)* + Tigpzr—2y i@y =
Lonp-ny T Lygppe-n gt
Lioap-2y T Lygppe-n ot
Lonetr-o1 F Tgpatws oyt

Tiony + Tienary + Tione + Tieneey + Toa1 + Tox + Th + A

- T[(2A)2(1/"”+———+(2/\)4+(2/\)2+(3/\)} '

proving the theorems.

(A= 1][ =3
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When A is a Triangular Number we have the Infinite cases when we have
Triangular Numbers that are the Sum of (2¢) + 2) = 2(¢ + 1)[p > 1]

Triangular Numbers.
We continue the Inductive Proof for [¢) > 3]

T 21y T S(H—1)

(n(n+1) [(n(n+1)) T

+1]

L nmanyp @2 T Ly T

L9 T Ly T

Ly + Loz T Lnmrz-1] + Loy + Loy + 15

=T

-1 n(n+1)7° >
[(n(n+1))2Y ™Y 4 (n(n+1)) 4 (n(n+1)) 2+ 220D [n = 1]

proving the theorems.

This Proves the General theorem

Theorem 6.9. For any Natural Number N > 2, there Exist Infinite

Triangular Numbers that are the Sum of N Triangular Numbers each.

Proof. For N = 2 we have the standard result. (Ref. 6)
For N > 2, we have proved the result.

For N =3,5,7,---and N = 4,6, 8, ---1in Theorems 6) and Theorems
6a) respectively. This Completes the Proof. [
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7 Theorems on two special classes of Triangular Numbers

n(n+2a+1)
2

n(n+2a +1)
2

Theorem 7.1. If v = +Ly=n+1 2z =

T,=T,+T.+(a-1n=T,+T.+ («—1)(y — 1)

[a=0,1,2, ---, ] n=0,1,2, ---,q]

n(n + 2a + 1)
2

n(n + 2a + 1)

Proof. If v = 5

+lLy=n+1z2=

€¢__ 99

7-1-1) For, a = 0 we can prove by inducting on “n

1 1

Tm:Ty—i_TZ_n:Ty_‘_TZ_(y_l) [TL:O,LZ,———,OO]

7-1-2) For, a = 1 we can prove by inducting on “n”

3
m:@—kl, y=n-+1, z=

T,=T,+T., [n=0,1,2, ---, 0]

n(n + 3)
2

which is the standard result that states that there exist infinite Triangular
Numbers that are the sum of two other Triangular Numbers. [Ref. 6]

€C__ 99

7-1-3) For, a = 2 we can prove by inducting on “n

5) 5

Tx:Ty+TZ+n:Ty+TZ+(y_1) [Tl:O,l,Q,—-—,OO]



7-1-4)  For, a = 3 we can prove by inducting on “n”

7 7

T,=T,+T.4n=T,+T.+(y—1) [n=0,1,2, ---, 00

7-1-5) For, a = 4 we can prove by inducting on “n”

9 9

T,=T,+T.4+n=T,+T.+(y—1) [n=0,1,2, ---, 0]

7-1-6) For, a = 5 we can prove by inducting on “n”

11 11

T,=Ty+T.+n=T,+T.+(y-1) [n=0,1,2,---,]

7-1-k+1) For, o = k we can prove by inducting on “n”

2k + 1 2k + 1

T,=T,+T.+k—-1n=T,+T.+(k—1)(y—1)
k=0,1,2,--+ ;0] [n=10,1,2,- -+ , 0]

7-1-k+2) For, o« = k + 1 we can prove by inducting on “n”

_nn+2k+1)+1) nn+2(k+1)+1)

50

T = +1, y=n+1, z=

2 2
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T,=T,+T.+(kjn=T,+T.+ (k)(y — 1)
k=0,1,2,--+ ,00] [n=10,1,2,--+ , 0]

thus Completing the Induction on “«” proving the theorem that, if

2 1 2 1
x:n(nJr a+>+1, y:n+1,z:n(n+ a+1)

2 2
T,=T,+T.+(a—1n=T,+T.+(a—1)(y — 1)

[a=0,1,2,--+ ]

n=0,1,2,--- ,00] O
Theorem 7.2. If

L (n—l—l)(2n+2ﬁ) t1 y—ntlaoe (n+1)(2n+2ﬂ)
T,=Ty+T.+8+B-n=T,+T.+3+(B-1)(y—1)

[5:172737'” 700] [n:071727"' 700]

Proof. It

1 2
a::(n+ )(2n—l— B)Jrl, y=n+1z2=

(n+1)(n+20)
5 .

€699

7-2-1) For, = 1 we can prove by inducting on “n

x:(n+1)2(n+2)+1’

T,=T,+T.+1 [n=0,1,2, ---, 00]

(n+1)(n+2)
2

y=n-+1z2=
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7-2-2) For, = 2 we can prove by inducting on “n”

. (n+1)(n+4) 1 y—nitla= (n+1)(n+4)

2 2
T,=T,+T.4+24+n=T,+T.+2+(y—1) [n=0,1,2,---, 0]

€699

7-2-3) For, = 3 we can prove by inducting on “n

. (n+1)(n+6)+17 y=ntlz= (n+1)(n+6)

2 2
Tx:Ty+Tz+3+2n:Ty+Tz+3+2(y—1) [71:0,1,2,--—,00]

7-2-4) For, 3 = 4 we can prove by inducting on “n”

. (n+1)(n+8)+1 gt 1= (n+1)(n+8)

2 2

7-2-5) For, 3 = 5 we can prove by inducting on “n”

1 10
x:(n+ )én—l— >—i—1, y=n-+1z2=

2

(n+1)(n + 10)
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7-2-k) For, 8 = k we can prove by inducting on “n”

1 2
x:(n+ )én+ k)—l—l, y=n+1z=
T,=T,+T.+k+k—-1n=T,+T.+k+(k—-1)(y—1)

k=1,2,3,---,00] [n=0,1,2,--+ , 0]

(n+1)(n+ 2k)

7-2-K) For, § = k + 1 we can prove by inducting on “n”

(n+1)(n+2(k+1))

1 2(k+1
T = 5 +1, y:n+1,zz(n+ )(n—; (k+1))

T,=T,+T.+(k+1)+kn=T,+T.+ (k+ 1)+ (k)(y — 1)
[k:172737"' 700] [71207172,"- 700]

thus completing the induction on “( ” proving the theorem that

If

. (n+1)(2n+2ﬁ)+17 y=ntlz= (n+1)(2n+2ﬁ)

3=1,2,3---,00] [n=0,1,2, ---, ]

We come to the end of this paper. The Super-Sums of each Sub-Class
of Triangular Numbers upto any Level and other interesting things are
possible. [Ref. 7,8,9.]
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